The main objective of this paper is to generalize the Extended Irreversible Thermodynamics in order to include the anomalous transport in systems in non-equilibrium conditions. Considering the generalized entropy, the corresponding flux and entropy production, and using the time fractional derivative, we have derived a space-time generalized telegrapher's equation with a fractional nested hierarchy which can be used in separate developments for the mass transport, for the heat conduction and for the flux of ions. We have obtained a new formalism which includes the contribution of fast of higher-order fluxes in the mesoscopic and inhomogeneous media. The results take the form of continued fraction expansions. The balance equations are used in a scheme of continued fractions, and they appear as a closure condition. In this way the transport equation and its corresponding wave number-frequency relation are obtained, both of them in the mathematical structure of the continued fraction scheme. Numerical examples are included to show the dispersive nature of the solutions, and the generalized fractional transport equation in the same mathematical form, which can be applied to the mass transport, the heat conduction and the flux of ions.
Introduction
The constitutive equations in the Linear Irreversible Thermodynamic (LIT) framework valid under macroscopic conditions are the basic relations ruling the transport of chemical species by diffusion, ion transport, and heat flux. They are the so-called Fick, Nernst-Planck and Fourier equations, respectively, that relate linearly the fluxes and the driving forces in non-equilibrium systems [1] .
The Maxwell-Cattaneo (MC) equation generalizes the constitutive relations of LIT, considering a relaxation process with a perturbation with finite velocity of propagation. The MC equation, considers fast phenomena in which the relaxation effect takes into account the time derivative of the flux in the constitutive equation. This generalization leads to a hyperbolic transport equation instead of the parabolic one [2] . As an example, the non-local time constitutive equations for the heat flux and phonon hydrodynamics in nanosytems have been presented by Cimmelli, Sellitto and Jou [3] . 1 2 -order. Masoliver generalize the telegrapher´s equation from the formalism of the persistent random walk in continuous time [21] . Khamzin, Popov, and Nigmatullin [22] , have done the fractal correction for the ion conductivity transport theory.
Anomalous diffusion models have been described as non-stationarity, non-ergodic and ageing using a fractional dynamics [23] . A foundation on microscopic dynamics within the Langevin picture sheds some light on the coming into existence of fractional dynamics as is shown in the paper of Metzler and Klafter. They pointed out that anomalous diffusion is intimately connected with the breakdown of the central limit theorem caused by either broad distribution or long-range correlation [24] .
Furthermore, it has been discussed that the fractional equations set in an ad hoc fashion by replacing the ordinary derivatives that appear in the heat transport by fractional derivatives, describe anomalous transport equations, as it is obtained by using the formalism of the persistent random walk in continuous time [25] .
In the case of forced diffusion of transport of chemical species in a porous media considering the basic relation ruling in the Darcy equation, it has been shown that the mass transport of fluid particles across a porous media is related to the description with fractional time derivatives [26, 27] . This is, in turn, an example of a hierarchical dynamic property, which may be applied at several different scales, including large scales, as shown in the thermodynamically constrained averaging [28, 29] .
One of the aims of this work is to show that transport phenomena of mass, heat and ions can be described with the same formalism. With this objective, we consider the EIT framework is its broadest form, in which temporal delay in the fluxes and higher-order coupling fluxes are involved, in a simplified form that has been used with good results and referred as the asymptotic approximation.
Another of the aims of this paper is to show that Brownian processes are governed by time-fractional telegraph equations, and to obtain their Fourier-Laplace transformed solutions. In fact, we have generalized such equation to account the anomalous transport in three dimensions. From here, we were able to obtain transport coefficients in terms of continued fractions, and also we were able to explicitly obtain the relation for ω = ω(k), which drive the underlying dynamics in systems that show anomalous behavior, and where we have obtained analytic expressions and plots for transport coefficients. Finally, we can mention that this kind of results are not usually reported in the literature.
Methods
In this section, we propose a methodology consisting in including an infinite number of fluxes a priori in the description, which is necessary in the mesoscopic scale. Additionally, most of these extra variables are then eliminated by introducing an asymptotic assumption with an effective relaxation time, which takes into account their contribution in a statistical sense. Such a reduction in the number of variables is finally needed, as we wish to compare with experimental results, usually described by a limited number of variables.
As a starting point, we consider the balance law for the specific internal energy, with no velocity fields. So far, we have taken as non-equilibrium variables and their fluxes as the heat flux, electrical conduction and the mass diffusion transport [30] , see Table 1 . Table 1 . The elements of the theory, such as the fluxes, the variables and the balance equations are summarized. u is the internal energy, ρ is the density, C p the specific heat capacity, µ is the chemical potential, and µ k is the electrical chemical potential.
FLUX

Variables Internal Energy Equation Balance Equation
Heat Flux
The general form of the internal energy balance equation can be written as,
where
J z e }, and ρ is the density. The balance law for the entropy S is:
where the entropy production is σ S .
In the non-equilibrium extended thermodynamic, there have been selected as the extra variables the heat flux, the mass flux and the electric current. However, there exists no restriction on extending the space of variables by including a whole hierarchy of new quantities obeying linear laws, and considering different time derivatives into the linear evolution equations. Then, it is sufficient to base a mesoscopic description exclusively on the conserved variables, plus the usual dissipative fluxes. Now, from the material derivative of the Gibbs equation (up to the nth-order moment in the fluxes) we have,
Also, we express the entropy flux in terms of the nth-order moment of the fluxes,
In this way, we can obtain an expression for the entropy production from Equation (2) as follow,
Substituting Equation (1) in the previous one, and after rearranging in a sum, we obtain [4] 
From the entropy production, we can write down a set of evolution equations for the fluxes,
In order that the entropy production is positive, then we consider µ n ≥ 0. Defining τ n = α n µ n we can recast the set of equations as,
with n = 2, 3, · · · , N. Furthermore, λ 0 in Equation (9) represents any of the three transport coefficients: thermal conductivity, diffusion coefficient or the electric conductivity and Φ = T,
T . In the next section, we will apply the fractional derivative to the set of equations for the fluxes in order to find a result in terms of continued fractions.
Results
So far, we have found a hierarchy of differential equations describing the transient flows with contributions from higher-order derivatives, in order to include the molecular dynamics of unconventional contributions from rapid processes.
We consider the Fourier transform for fractional derivatives [31] [32] [33] ,
We now apply Equation (11) , to the next system of equation for the fluxes, . Note that relaxation times have changed consistently with the change introduced by the fractional time derivative. Therefore, the time scale has been affected by the modification in the exponent α. Also, note that the constant term in Equation (11) , is taken to be zero, since it is considered that there is no variation of the fluxes at initial time. The Fourier transform is not convergent when the +∞ −∞ → J e −iωt dt tends to steady ( t → ∞ ), and the fluxes would tend to constants [34] . It is noteworthy that the initial condition t = −∞, the condition gas relaxed and when the initiation happens at t = 0, the Fourier transform explicitly involves initial values. Now we apply the Fourier transform, and calculate some terms explicitly,
From Equation (17),
By substituting Equation (18) on Equation (16), we obtain,
Now, substituting Equation (19) on Equation (15)
and finally, substituting Equation (20) on Equation (14)
We can define
, and taking
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Now, introducing the asymptotic assumption, this allows including an infinite number of higher-order fluxes in the following way. Let us define H n (ω, k) by
Then the recurrent form for H n (ω, k) is introduced in such a way that it is renormalized into H ∞ (ω, k), as we state in the following equation:
in which we introduce the asymptotic approximations τ n → τ ∞ and l n → l ∞ , that are the limits of the characteristic relaxation time and characteristic length respectively. Solving for the renormalized expression, it results in
And writing λ(ω, k) for lim
In Figure 1 we plot the generalized transport coefficient in Equation (27) , considering the wave number k as a constant. 
Then the recurrent form for ω, is introduced in such a way that it is renormalized into ω, , as we state in the following equation: 
In Figure 1 we plot the generalized transport coefficient in Equation (27) , considering the wave number k as a constant. In order to plot the Equation (27) for a general case, we first have to obtain the diffusion relation, what we will do in the next subsection.
The Relation In order to plot the Equation (27) for a general case, we first have to obtain the diffusion relation, what we will do in the next subsection.
The ω = ω(k) Relation
By using the energy balance equation (see Table 1 for particular cases)
In the asymptotic limit, we finally obtain an expression for the diffusion relationship
And using Equation (30), the ω = ω(k) relation becomes,
From this expression, the wavenumber in terms of the frequency and the model parameters are obtained. In this way, the real and imaginary parts of the wave number are plotted and showed in the 
And using Equation (30), the ω ω relation becomes,
From this expression, the wavenumber in terms of the frequency and the model parameters are obtained. In this way, the real and imaginary parts of the wave number are plotted and showed in the Figure 2 . As we can see in Figure 2b , we have a limit behavior of the imaginary part of the ω relation. In order to clarify such characteristic in Figure 3 we plot Equation (31) for several values of the α-parameter, from 0.96 to 1.0. (k))) As we can see in Figure 2b , we have a limit behavior of the imaginary part of the k = k(ω) relation. In order to clarify such characteristic in Figure 3 we plot Equation (31) for several values of the α-parameter, from 0.96 to 1.0. 
As we can see in Figure 2b , we have a limit behavior of the imaginary part of the ω relation. In order to clarify such characteristic in Figure 3 we plot Equation (31) for several values of the α-parameter, from 0.96 to 1.0. In Figure 4 , we present the plots of the generalization of the transport coefficient in Equation (27) and using the relation ω from Equation (31). In Figure 4 , we present the plots of the generalization of the transport coefficient in Equation (27) and using the relation k = k(ω) from Equation (31) . We devote the next section to a discussion of the presented results.
Discussion
We have shown that mass diffusion in mesoscopic media, ion conduction in complex media, porous media systems and thermal energy transfer in amorphous solids at nano-scales are similar phenomena, while they are treated with the same formalism. This formalism can be used for larger scales and with multiphase systems [35] .
So, they are properly modeled for high and low frequencies as a suitable extension of linear and Extended Irreversible Thermodynamics for transport equation in terms of fractional derivatives. Such extension relies on the long-tail properties of the time delay of the constitutive equation in the relation of forces and their fluxes, including the higher-order contributions in a coupled hierarchy of nonlocal thermodynamics to describe the spatial and temporal evolution of anomalous phenomena, observed at the mesoscale on complex heterogeneous materials.
The results for the dynamical hierarchy are given in Equations (12) and (13), and their LaplaceFourier transformation are given in Equation (23) . This expression is simplified by renormalized the continued fraction expansion making an assumption through the asymptotic approximation, which leads to our main result in a closed form in Equation (27) , giving the generalized properties for the We devote the next section to a discussion of the presented results.
We have shown that mass diffusion in mesoscopic media, ion conduction in complex media, porous media systems and thermal energy transfer in amorphous solids at nano-scales are similar phenomena, while they are treated with the same formalism. This formalism can be used for larger scales and with multiphase systems [35] . So, they are properly modeled for high and low frequencies as a suitable extension of linear and Extended Irreversible Thermodynamics for transport equation in terms of fractional derivatives. Such extension relies on the long-tail properties of the time delay of the constitutive equation in the relation of forces and their fluxes, including the higher-order contributions in a coupled hierarchy of non-local thermodynamics to describe the spatial and temporal evolution of anomalous phenomena, observed at the mesoscale on complex heterogeneous materials. The results for the dynamical hierarchy are given in Equations (12) and (13) , and their LaplaceFourier transformation are given in Equation (23) . This expression is simplified by renormalized the continued fraction expansion making an assumption through the asymptotic approximation, which leads to our main result in a closed form in Equation (27) , giving the generalized properties for the thermal conductivity, the diffusion coefficient and the ion conductivity, in terms of the frequency and the wave number. Note that this Equation (27) is accompanied by another result that expresses the ω = ω(k) relation, whereby the model is finally completed.
In this paper, we included a numerical estimation of the obtained results. In fact, the real and imaginary parts of the generalized transport coefficient are shown graphically in Figure 1 , for several values of the wave number. In Figure 2 , the real and imaginary parts of the wave number are observed for six different values of the α-parameter (Equation (11)). An interesting result for the imaginary part for the wave number when α-parameter is near to one is described in Figure 3 . Finally, the complete results for the generalized transport coefficient are shown in the Figure 4 .
Conclusions
We have obtained a hierarchy of differential equations with fractional derivatives to describe transient anomalous effects on flows, considering contributions of the dynamics of rapid effects present at the mesoscopic scale.
We considered the asymptotic approximation of the values of the relaxation times for the different relaxation processes, by obtaining a closed transport coefficient expression for thermal conductivity, for diffusion coefficient and for electrical conductivity.
Finally, we obtained the wave number-frequency relation and it was graphically expressed in terms of fractional exponents.
